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Abstract—This paper propose a function of covariance matrix
based spectrum sensing approach for cognitive radio systems. The
statistical covariance of signal and noise are usually different, so
a binary hypothesis test on covariance matrix is employed to
determine the existence of primary user. Collaborative sensing
scenario is introduced for the proposed algorithm, in which each
sensor only needs limited sample data for calculation and sends
mediate result to fusion center. A performance comparison among
different rational functions is provided, which shows different
functions in this algorithm may have similar or distinct perfor-
mance. So it is important to choose an appropriate function. The
proposed algorithm has a reliable performance in very low signal-
to-noise ratio (SNR) condition, and outperforms the Estimator-
Correlator (EC) approach.

I. INTRODUCTION

Wireless communication systems totally rely on the use
of radio frequency spectrum resource, while the spectrum
resource is becoming more and more scarce. However, the
spectrum resource is not utilized efficiently, the current uti-
lization of a licensed spectrum varies from 15% to 85% [1].
Hence, cognitive radio (CR) has been proposed as a tech-
nology for dynamic spectrum access (DSA), which sense the
spectrum space to find temporal and spatial spectral holes
and finally access to that opportunistic frequency band for
communications.

Spectrum sensing, designated to detect the valid spectrum
opportunity, plays an important role in CR system. Each
secondary user (SU) should be able to sense primary user’s
(PU) existence accurately to avoid interference, or maintain the
interference at a tolerable level. Under low SNR environment,
fast detection of the spectrum opportunity is not easy because
of the strong noise interference. In some sense, spectrum
sensing can be treated as signal detection problem, and lots of
algorithms have been proposed already. Generally, matched fil-
ter detection [2]–[4], energy detection [5]–[8], cyclostationary
feature detection [9]–[11], and covariance matrix based detec-
tion [12]–[16] are used for spectrum sensing. Feature template
matching (FTM) [17] extracts signal feature as the leading

eigenvector of signal’s covariance matrix. Kernel principal
component analysis (PCA) and kernel generalized likelihood
ratio test (GLRT) [18] based on matched subspace model map
original space data into a higher dimensional feature space.
The work about single SU spectrum sensing has been extended
to collaborative spectrum sensing [19], [20] in CR system.

However, it is difficult to solve the sensing problem under
extremely low SNR, like -30 dB. We propose function of
matrix based detection (FMD) algorithm to perform spectrum
sensing, which works efficiently under less than SNR -30 dB.
The proposed algorithm is blind, does not require the prior
knowledge of structure of either PU signal or noise. If the PU
signal is included in the received signal, the trace operation
on function of received covariance matrix will always larger
than the function of pure noise covariance matrix. Thus we
can find a threshold to detect the existence of PU signal. We
consider one assumption in this paper: PU signal and noise
are uncorrelated.

The organization of this paper is as follows. In section II,
system model based on sample covariance matrix is described.
Section III reviews the property of rational monotonically in-
creasing function of matrix and gives some potential available
functions for proposed algorithm. The collaborative sensing
scenario and the detail of the FMD algorithm are explicated in
Section IV. The experimental results on simulated sinusoidal
signal are shown in section V. Finally, the paper is concluded
in section VI.

II. SYSTEM MODEL

In this paper, we consider there is one receive antenna to
detect one PU signal. Let x(t) be the continuous-time received
signal after unknown channel. Let Ts = 1/fs be the sampling
period, the received signal sample is x [n] = x (nTs). There
are two hypotheses to detect PU signal’s existence, H0, signal
does not exist; and H1, signal exists. The received signal
samples under the two hypotheses are given respectively as



follows:
H0 :x [n] = w [n] (1)

H1 :x [n] = s [n] + w [n] (2)

where w [n] is the received white noise, and each sample
of w [n] is assumed to be independent identical distribution
(iid), with zero mean and variance σ2

n. s [n] is the received
PU signal samples after unknown channel with unknown
signal distribution. And, it is assumed that signal and noise
are uncorrelated. Though in practice, the noise w [n] after
analog-to-digital (ADC) is usually non-white, we can use pre-
whitening techniques to whiten the noise samples. In the rest
of this paper, all noise is considered white.

Assume spectrum sensing is performed based on the statis-
tics of the ith sensing segment Γx,i, which consists of Ns

sensing vectors with L (called “smoothing factor”) consecutive
output samples in each vector:

Γx,i =
{
x(i−1)Ns+1,x(i−1)Ns+2, · · · ,x(i−1)Ns+Ns

}
(3)

xi = [x [i] , x [i+ 1] , · · · , x [i+ L− 1]]
T (4)

where xi ∼ N (0,Rx). If Ns is large enough, Rx can be
approximated by sample covariance matrix R̂x:

R̂x =
1

Ns

Ns∑
i=1

xix
T
i (5)

We will use Rx instead of R̂x for convenience. Accordingly,
we have Rs for si and Rn for wi. As we know, Rs is a
positive semi-definite matrix with low rank, while Rn is a
positive definite matrix. If received signal contains PU signal
and noise, and we have already assumed signal and noise are
uncorrelated, then we have:

H0 :Rx = Rn (6)

H1 :Rx = Rs + Rn (7)

The detection will be based upon the covariance matrix of
received signals in sensing segment Γx,i.

III. MONOTONICALLY INCREASING FUNCTION OF MATRIX

Here we introduce the monotonically increasing property of
rational function f for matrix.

A. Theoretical Results

Generally, if for all y ∈ R and z ∈ R such that y < z one
has f (y) < f (z), we call rational function f a monotonically
increasing function. The definition of f for matrix is increasing
described in [21, p. 478] as

Definition 1. Let D ⊆ Hn (Hn means n × n Hermitian
matrices), and let f : D 7→ Hm. f is increasing if f is
nondecreasing and, for all A,B ∈ D such that A ≺ B, it
follows that f (A) ≺ f (B).

However, standard inequalities for real functions typically
do not have parallel versions that hold for the semidefinite
ordering [22]. It means even if A ≺ B and f is monotonically
increasing function for real domain, it is not always true for

f (A) ≺ f (B). Only for some specific functions we have
f (A) ≺ f (B). We will list some examples later.

Fortunately, if we apply trace operation to both sides of
the function f , the inequality always holds, as shown in Fact
1. [21, p. 529].

Fact 1. Let A,B ∈ Fn×n (Fn means Rn or Cn), assume
that A and B are positive semidefinite, assume that A � B,
let f : [0,∞) 7→ [0,∞), and assume that f(0) = 0, f is
continuous, and f is increasing. Then,

trace (f (A)) ≤ trace (f (B)) (8)

B. Potential Rational Functions

Lots of other rational functions can be used in the algo-
rithms. Several monotonically increasing functions are intro-
duced in [21, p. 513] can be used. Here just lists some for
examples.

f(A) = A (9)

f(A) = A (I + A) log
(
I + A−1

)
(10)

f(A) =
(
(I + A) log

(
I + A−1

))−1
(11)

f(A) = (A− I− logA)
(

(logA)
2
)−1

(12)

Other examples, like Von Neumann entropy of matrix [23],
are available.

S (A) = −trace (AlogA) (13)

The function of matrix is just

f(A) = AlogA (14)

Besides, determinant can be employed to transform matrix into
real number instead of trace, based on Minkowski inequality

det (A + B)
1
n > det (A)

1
n + det (B)

1
n (15)

we can use det (A)
1
n as the detection metric.

IV. FUNCTION OF MATRIX BASED DETECTION

In this section, we introduce the function of matrix based
detection algorithm for PU signal in collaborative sensing
scenario.

In CR systems, there are typically multiple spatially dis-
tributed SUs that are trying to find underutilized spectrum.
All the SUs may sense the whole frequency band of interest,
then share the acquired information with other users or fusion
center. In some situation, the SU node does not have powerful
computing capability and it will cost much time for calculation
and decision, if the SU works alone. In collaborative sensing
scenario, we assume K SUs present in the cognitive radio
network. Each SU can calculate short data samples, which
is Ns vectors. Then the mediate results are sent to and
combined in fusion center for a final decision. The diagram
of collaborative sensing is shown in Fig. 1.
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Fig. 1. Network structure of collaborative sensing scenario

Each SU calculates covariance matrix from all received data
samples. For kth SU, we get the covariance matrix analogue
to Eq. (5).

Rx,k =
1

Ns

Ns∑
i=1

xk,ix
T
k,i (16)

Accordingly, we have Rs,k for sk,i and Rn,k for wk,i. For
each SU, Rs,k is a positive semi-definite matrix with low
rank, while Rn,k is a positive definite matrix. If PU signal
is contained in the received signal, we have

Rx,k = Rs,k + Rn,k (17)

Because Rs,k is positive semi-definite matrix, for all k

Rs,k + Rn,k � Rn,k (18)

Then based on Eq. (8), we have

trace (f (Rs,k + Rn,k)) > trace (f (Rn,k)) (19)

The values after trace calculation from each SU are sent to
the fusion center. The fusion center will compute the average
of all K received values, which satisfies

1

K

K∑
k=1

trace (f (Rs,k + Rn,k)) >
1

K

K∑
k=1

trace (f (Rn,k))

(20)
Hence, we propose algorithm 1 in collaborative sensing

mode for spectrum sensing. Namely, FMD in collaborative
sensing scenario. The detail analysis about threshold setting is
described in [24].

V. SIMULATION RESULTS

In the following, we will give some simulation results
using random generated sinusoidal signals. Different kinds of
monotonically increasing rational functions will be compared
in the following section. For each simulation, zero-mean i.i.d.
Gaussian noise is added according to different SNR. 1,000
simulations are performed on each SNR level. Probability of
false alarm is fixed with Pfa = 10%. The PU signal received
assumes to be the sum of three sinusoidal functions with

Algorithm 1 FMD in collaborative sensing mode
1: Decide the probability of false alarm Pfa and the threshold
γ according to system requirement.

2: Calculate covariance matrix of each SU.
3: Find an appropriate rational function f and get the func-

tion f result of covariance matrix.
4: Obtain the trace of the function of covariance matrix.
5: Collect all the trace results together and compute the

average value as a metric ϕ

ϕ =
1

K

K∑
k=1

trace (f (Rx,k)) (21)

6: if ϕ > γ then
7: PU signal exists
8: else
9: PU signal does not exist

10: end if

unit amplitude of each. Assume each SU needs 600 sample
data to calculate covariance matrix, and there are 166 SUs in
the network. The number of total samples including all SUs
approximately equals to 100,000. The default smoothing factor
L is chosen to be 8.

The probability of detection varied by SNR for different
increasing functions are shown in Fig. 2. The function 1,
function 2, function 3 are accordingly refer to Eq. (10),
Eq. (11), Eq. (12) mentioned in Subsection III-B. Different
increasing functions involved in the FMD algorithm may have
different performance. Function 1 and function 3 have similar
performance achieving 0.5 probability of detection at SNR
-34 dB. While function 2 gets 0.5 probability of detection
at SNR -30 dB, which is 4 dB higher than function 1 and
function 3. As a result, it is important to choose a appropriate
monotonically increasing rational function in FMD algorithm.
In addition, the performance can be improved further if we
use more data samples. This is because more samples can
make the numerical difference between two hypotheses more
stable, hence the threshold can totally separate signals from
two hypotheses.

Four different methods are compared in Fig. 3. We observed
f(x) = x is the simplest monotonically increasing rational
function, which can be used in FMD algorithm. Method
based on Von Neumann entropy uses the Eq. (14), which
is another example of FMD algorithm. Method based on
Minkowski inequality is also proposed in this paper for the
first time, which substitutes trace operation with determinant to
transform matrix into real value. EC [25] method is a classical
method derived from GLRT. It assumes the signal follows zero
mean Gaussian distribution with covariance matrix Rs, and
noise follows zero mean Gaussian distribution with covariance
matrix σ2

nI, Both Rs and σ2
n are given priorly. The hypothesis
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Fig. 2. Probability of detection comparison among different increasing
functions using simulated sinusoidal signal
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Fig. 3. Probability of detection comparison among different detection
algorithms using simulated sinusoidal signal
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Fig. 4. Probability of detection comparison among different smoothing factor
L using simulated sinusoidal signal

H1 is true if:

TEC =

Ns∑
j=1

xT
j Rs

(
Rs + σ2

nI
)−1

xj > γEC (22)

Adopting f(x) = x and Von Neumann entropy based algo-
rithms have the same performance achieving 0.5 probability of
detection at SNR -34 dB, since they are different realization of
FMD algorithm. Minkowski inequality based method is 1 dB
worse compared to trace operation based FMD algorithm. The
classical EC method can only get 0.5 probability of detection
at SNR -27.5 dB. From Fig. 3, we see the gain gap between
FMD and EC is about 6.5 dB.

In FMD algorithm, the number of data to calculate sample
covariance matrix is fixed. If the number of SUs is only 83,
half of the previous setting in simulation, the probability of
detection at 0.5 will be achieved at -32.5 dB, which is only
1.5 dB higher than with 166 SUs [24]. So even though we do
not have enough SUs, the performance is still acceptable and
better than EC.

For low-dimensional distributions, if a distribution lies close
to a subspace of dimension r in Rn, then a sample of size
N = O(r log n) is sufficient for covariance estimation [26].
Because the data samples in our simulation is huge enough
to accurately estimate the covariance matrices of PU signal
with any dimension, dimension n equals L in our case, the
performance adopting different L have no big difference, as
Fig. 4 shows that the curves involving L = 4, 8, 16, 32 are
overlapped using the same function.

VI. CONCLUSION

In this paper we considered the spectrum sensing for single
PU signal in collaborative sensing scenario. Sample covariance
matrix was calculated based on received signal. Monoton-
ically increasing function on matrix was discussed as the
basis of proposed algorithm. Simulated sinusoidal signal was
conducted in the experiment with different potential functions.
Performance comparison among different approaches showed
our proposed algorithm can work under -34 dB SNR with
limited data samples, which can even beat the performance of
EC with perfect prior knowledge.

The algorithm in this paper is going to be demonstrated
in hardware platform in later work. Lyrtech platform [27] is
chosen as our potential experimental secondary user platform.
Besides, security issues in cognitive radio network [28], [29]
have received considerable attention recently, we will explore
secure and robust spectrum sensing algorithms in the future.
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